Agent-Based Auditing of Mathematical Proofts
in Research Papers

Hieu N. Nguyen & Rui Zhang
The Pennsylvania State University

!‘o,’ PennState



Building rigorous mathematics

T

Finding Problems Writing/Revising ey sin Peer-review Formalization
Proofs for errors

/




Building rigorous mathematics

|

Finding Problems Writing/Revising : : Peer-review Formalization
Proofs OT €ITO

__________________________________________________ e

Informal Proofs

T

Checking

Automated Theorem Proving

Finding Problems C Formalization >

for errors

Human-understandable
Error Flags

S |



LLM-as-Judge Auditing

A single pass through all scattered components

(Very) Long Input Context Generation

[ Def. 1 ] [ Lem. 1 ] [ Thm. A ] Proof of Lem. 1 Proof of Lem. 2 Proofc;fThm.

1
1
1
1
1
1
1
1

LaTeX Styling LaTeX Commands Narrations Discussion ': <think> ... </think> The list of errors s ...

1
1
1
1
1
1
1
1

Can we organize the context to improve
performance and efficiency?



Olympiad-Style Proofs vs. Research-Level Proofs

{ N\
Problem i -1 Definition1 -
Description i Lo -
1 \ s N\ \
i “» Definition 2 i
( \ . ;U J II,
Proof ! / y
! o Lemma 1 1L Proof of Lemma 1
[ Lemmas 1, 2 ] | oL J
: | ; Proof of Lemma 2
1 | ( ) i
f ) ! ! Theorem A .\
Step 1 i ', ,;" . J NG Proof of Lemma 3
\ J 1 it i
i Vo N u
) v . i .~ Corollary } Proof of Theorem A
! [ \_ Y, ,’,
| i /l,I
| Step 2 ) : E\\\\\ p N Il//',
! +Y Lemma2 [/
. .: .l‘ \\\ p N ,’I
) ! .1 Lemma3
1 \ . J
[ Step N ] i \ \
- J i “ Theorem B
1 . 7

[1] Zhang, Y. et al (2024) American Invitational Mathematics Examination (AIME) 2024.
[2] Luong, T. et al. (2025) 'Towards robust mathematical reasoning', in Proceedings of the 2025 Conference on Empirical Methods in Natural Language
Processing.



Agentic Auditing

Phase 1: Identifying Mathematical Components
Phase 2: Auditing Mathematical Components
Phase 3: Error Validation
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Definition 4.1 (Monotone DEQ). The monDEQ con-
siders a weight-tied, input-injected network with itera-
tions of the form,

2l = (Wz[“] + Ux)

where x € R? is the input, U € R™ is the
input-injection weights, W € R is the hidden-
unit weights, z(*) is the hidden unit activation and
o ¢ R > R an elementwise non-linearity which is
ReLU function in our case. The output of implicit lay-
ers is define as the fixed point z* of the above update
function
2* =0 (Wz" +Ux)

To ensure the strong monotonicity condition, that
I~ W = ml, the monDEQ parameterizes W as
W = (1-m)I-AT A+B—B”, where A, B € R"™*".
The output of the network is define as the linear trans-
formation of the fixed point: f(6,x) = u'z", where
6= (u, 4, B,U) are trainable parameters.




Presentation Order

Agentic Auditing

Phase 1: Identifying Mathematical Components

: Def. 1 :

: Lem.1 :

: Thm. A :
Proof Lem. 1

: Lem. 2 :
Proof Lem. 2
Proof Thm. 2

¥

[

I

|

\
R

Def. 1 Lem. 1 Lem. 2

Statement Statement Statement

Dependencies Dependencies Dependencies
Proof Proof

Record structural errors
° Inconsistent notation
e  Missing conventions
e  Underspecification /
Ambiguous definitions /
Overloaded terminology

Thm. A
Statement
Dependencies
Proof



Agentic Auditing

Phase 2: Auditing Mathematical Components

Run for each component following the dependency order

1.  Convert the original proof to atomic steps

Atomic steps

Thm. A ID| Claim Premises Justification
x) > 0forallz > Lemma 2, def. Lemma applies di-
. b S1| f 0 for all 0 2, def. f 2 applies di
Given b > a > o, we have/ f(z)dx >0 rectly to f as defined
@ S2| a>0,b>a Thm. A Assump- | Explicitly restate as-
Proof: tions sumptions from theo-
rem
By Lemma 2 and the definition of f, we have f(x) > 0 $3| [ f(z)dz > 0 S1.s2 By monotonicity of inte-
gration

for all x > 0. Thus, by integrating the inequality over
b
[a,b], we get / f(z)dz >0



Agentic Auditing

Phase 2: Auditing Mathematical Components

Run for each component following the dependency order
1.  Convert the original proof to atomic steps

2.  Identify and record local errors
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Agentic Auditing

Phase 3: Error Validation

Central Error Table

ID Full Error Description

EO1 ”I — W > mlI” written as PSD, but W has skew part
B — BT so I — W is non-symmetric; intended condition is
operator strong-monotonicity (symmetrized).

E03  “Contractive for a € (0,2m/L*]” — at « = 2m/L?,
L[T,] < 1 but not strictly < 1.

EO4a L’Hopital step substitutes o« = 0 into the unsimplified deriva-

tive ratio; the cleaner version takes the limit of the simplified
ratio. End answer 1/m is correct.

For each error, trace back to the original document to
1.  Identify the location of the error

2. Confirm or refute the flagged issue

Definition 4.1 (Monotone DEQ). The monDEQ con-
siders a weight-tied, input-injected network with itera-
tions of the form,

A = o (Wz[k] - Ux)

where x € R? is the input, U € R™*? is the
input-injection weights, W € R™*" is the hidden-
unit weights, z(*) is the hidden unit activation and
o : R — R an elementwise non-linearity which is
ReLU function in our case. The output of implicit lay-
ers is define as the fixed point z* of the above update
function
z* =0 (Wz* + Ux)

To ensure the strong monotonicity condition, that
I — W > mlI, the monDEQ parameterizes W as
W = (1-m)I—AT A+ B—B7T, where A, B € R"*".
The output of the network is define as the linear trans-
formation of the fixed point: f(6,x) = u'z*, where
0 = (u, A, B, U) are trainable parameters.
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Abstract

Deep Equilibrium (DEQ) models are a class
of deep learning models that directly com-
pute the "infinite-depth” feature representa-
tion by solving fixed-point equations. Al
though previous works have experimentally
demonstrated the potentials of DEQs in
terms of performance and memory usage, the
theoretical understanding of training dynam-
ics under gradient descent of DEQ models is
still limited. Current theoretical studies ei-
ther consider deep linear equilibrium mod-
els, which are a simplified and constrained
version of DEQ. In this work, we analyze a
more expressive class, called monotone deep
equilibrium (monDEQ) models. The key dif-
ference of monDEQs from lincar DEQ models
is the monotone operator parametrizations of
weight matrices, which introduce nonlineari-
ties, while still guaranteeing the existence of
fixed points. In this project, we approach the
training convergence problem of monDEQs
from the perspective of overparameterization
We theoretically prove that under suitable
conditions, the gradient descent converges to
the global optimum at a linear rate.

1 Introduction

Implicit deep learning models. Recently, a new
class of deep learning models, called implicit layers,
has been developed based on implicit prediction rules.
Instead of having a concrete computation graph, these
models define a layer in terms of satisfying joint con-
ditions of input and output. For example, the output
2 s a fixed point of f(z), ie, z = f(z,z). This for-
malization leads to deep equilibrium (DEQ) models
(Bai et al., 2019). Another examples are differential
equations 48 = f(z(t),t), leading to Neural ODEs
(NODES) (Chen et al., 2018); and the optimality con-
ditions of optimization problems, leading to differen-
tiable optimization z(z) = argminf(z,z) approaches
2€C(z)

[1] https://github.com/NNHieu/math_auditing_examples

(Amos and Kolter, 2017)

The theoretical question. Neural network-based
machine learning is well-known for being somewhat
of a "black magic.” Its success relies on many tricks;
for example, parameter tuning can be quite an art
The conventional belief was that the loss landscape
of neural networks with more than two layers is non-
convex, highly nonlinear, and high-dimensional. So
it was not trivial at all to discover that deep neural
networks (DNNs) can be trained. Understanding why
first-order algorithms like gradient descent (GD) based
methods can often find a global optimum in optimizing
the non-convex loss surface of neural networks is one
of the critical problems in deep learning theory. This
work aims to take a step toward answering the above
question for DEQs, a class of architecture that differs
rom those commonly used in the related literature.

Under which conditions will training DEQ
models with GD converge?

The theoretical Gap. While training dynamics of
certain types of DEQ models are understood (for in-
stance, Kawaguchi (2021) have studies linear DEQ
models), the dynamics of the more expressive Mono-
tone DEQs (monDEQ) (Winston and Kolter, 2020)
have remained a "black box”.

In contrast to prior work, we develop a convergence
theory for monotone deep equilibrium models (mon-
DEQs) that leverages their operator structure. We
prove global lincar convergence under gradient descent
by leveraging over-parameterization.

2 Related Work

Deep Equilibrium Models. Deep equilibrium
models (DEQs), introduced by Bai et al. (2019), define
network outputs as the fixed point of a nonlinear trans-
formation. This formulation enables constant-memory
training via implicit differentiation and has been ap-
plied across sequence modeling, vision, and scientific
machine learning. Subsequent work has studied stabil-
ity, expressivity, and numerical solvers for DEQs, but

theoretical understanding of their optimization land-
scape remains limited

Global Convergence of Overparameterized
DEQs The most closely related work are Kawaguchi
(2016); Ling et al. (2022), which establishes that gradi-
ent descent, converges to a global optimum at a linear
rate for overparameterized (linear) DEQs. Their anal-
ysis follows the neural tangent kernel (NTK) fram
work, showing that training dynamics can be appro;
mated by a linear model around i This

Table 1: Table of Notation
Symbol/E.g Description

sult relies on a restricted paragrameters where the for-
ward is guareenteed to be a shrinkage operator. While
this line of work provides the first global convergence
guarantees for DEQs, we provide a theoretical results
for a more experessive class of DEQ models.

Monotone Operator Perspectives in Deep
Learning Monotone operator theory has been i
creasingly used to analyze implicit models and eq
librium networks. Prior work has explored connec-
tions between DEQs and monotone operators for en-
suring existence and uniqueness of equilibria, as well
as for improving numerical stability. However, these
approaches have primarily focused on forward stabil-
ity and solver convergence rather than optimization
dynamics.

3 Preliminaries

In this section, we present the definition of the Mon-
DEQ model, the computational procedure, and a
lemma that gives an upper bound on the Lipschitz
constant, of this network. The notation used in this
paper is given in Table 1.

In this work, we also use the following two Kronecker

identities repeatedly:
vec|[ABC)
A Bll2

(C" ® A)vec|B), (K1)
|All2l| Bll2- (K2)

3.1 Setting: Optimizing Monotone DEQ
‘models by Gradient Descent

In this work, we consider a fully connected monotone
DEQ ReLU activated network with n hidden neurons
in the hidden layers, defined as in Definition 3.1.
Definition 3.1 (Monotone DEQ). The monDEQ con-
sider a weight-tied, inpul injected network with itera-
tions of the form,

2 =g (Wz‘*\ +Ux) (1)
where x € RY is the input, U € R™ is the

input-injection weights, W € R™" is the hidden-
unit weights, z*) is the hidden unit activation and

Variables
Bold v vectors
lowercase
letters
Capital w matrices
letters.
Operators

o Tnner product
-1 Vector norm or opera-
tor norm

det() Determinant
o) Spectral radius
Amas () Max/min eigenvalue
uas Omin()  Masx/min  singular
value
® Kronecker product,
® Kronecker sum
o Hadamard product
] The set {1,2,...,n}
K™ Commutation  ma-

trix: K vec[4]
vec[AT] for n x n
matrices

o : R = R an elementwise non-linearity which is
ReLU function in our case. The output of implicit lay-
ers is define as the fized point z° of the above update
Junction

" =0 (Wa' +Ux) @
To ensure the strong monotonicity condition, that I —
W = ml, the monDEQ parameterizes
W=(1-m)I-ATA+B-B". (3)
where A,B € R™". The output of the network is
define as the linear transformation of the fized point:
F(6.x)=u"z
where 0 = (u, A, B,U) are trainable parameters.
An important property of monDEQ is well-
posedness, i.e., for each input, there exists a unique
corresponding output. This is achieved through the
parameterization W = (1 — m)I — ATA+ B — B,
where the details are provided in Appendix Section B.

Next, we define our input dataset as being drawed from
an underlying data distribution D over BY x R. In par-
ticular, we draw iid N input-label samples denoted

Name

S = {(x:,3i}Y,. We also denote X =[x,
RN and y = (1,...,yn)" € RY. The equ
feature matrix Z* € R"*V satisfies

z

o(WZ" +UX) (1)
where o applies entry-wise. The prediction vector is

y=2"TuecRY

Given a parameterized monDEQ network and the
training data S, our optimization problem is the
quadratic loss function

" JE PSS TP ST

min £(6) = 311y - yliz = 312" u - yli3.
We train the model by gradient descent (GD) and con-

sider the GD update
Oiir = O —VLG),

where 7 > 0 is the learning rate and 6 =
vec|Ax, By, Uk, ug] is the paraneter we optimize over
at step k. The i
). Throughout this study, we use k as the GD itera-
tion number, and also use k to index all variables and

outputs that depend on 6.

3.2 Forward-backward s
on || Z%||r

ting and Bound

To compute Z* in practice, we use the forward-
backward splitting (FBS) iteration (Winston and
Kolter, 2020)

Definition 3.2 (FBS iteration). Given parameters
(W,U) and data X, initialize Z (e.q., to zero) and
iterate

7040 = (1,2 + aUX),

where T, = I = (I = W) and a > 0 is the FBS step
size.

Note that we use - for GD steps and -I for forward-
backward splitting steps.

Denote L[T,] the Lipschitz constant of T,,, we have
the following proposition.

Proposition 1 ((Winston and Kolter, 2020)). Let
I—~W be m-strongly monotone with Lipschitz constant
L=|{I-W|a. Then L[T.) < v1—2am +o?L?

This implies that for a € (0,%%) then L[T5] < 1.
Thus, the operator T, is contractive for any o &
(0, %%], and this iteration is guaranteed to converge as
long as the operator I — W is Lipschitz and strongly
monotone with parameters L.
Lemma 3.1 (Bound on [|Z°[|f)-
. U211 X1l
p < R2IZIE

l1z°e < S ®
Proof. Run FBS from ZI = 0 with any a €
(0,2m/L?). Since ReLU is non-expansive (|o(a)||r <
[lall entry-wise)

12115 = lo(TaZ!"Y + aUX)]|r
1Ta 2" + aUX ||

<
< LTZ M + a0l Xl

Let ¢ = L{T,] € [0,1) and r = a||U[l2 X||~. Starting
from Z1% = 0:

) UL X e
2 all
1791 -

2am + a?L2

This bound holds for every a € (0,2m/L?). Define

f(e)

I - S
1-VI-2am+a?L?
We claim infoc(o, m/23) f(@) = 1/m.

Step 1 (limit): As a — 0* the ratio is 0/0; apply
L’Hopital:

1
S = I Tt
1

maL?
Vi=z2am il

la=0

1

Step 2 (f is increasing): Let h(a) = 1 — 2am +
o?L?, 50 f(a) = a/(1 — \/h(a)). Differentiating and
simplifying (using #'(a) = —2m + 2aL? and vk < 1
on the interval (0, 2m/L?)) shows f'(a) > 0 for a €
(0,2m/L?). Therefore f is strictly increasing, and its
infimum over (0,2m/L?) equals its limit at 0*, which
is 1/m.

Since [|Z*||¢ < f(a)[|U]}2| X || for every valid o and
inf f = 1/m, we conclude
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E
(04A Lem: IZ*II_F <= IUI Xl / m k (main_continuous) j
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02. Def: FBS iter

01. Def: monDEQ

(def:mondeq) g
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(upper_LT)

09.Lem: d Z*
(deri_Z)

07. Def: residual g_theta 08.Tem: dg_theta
(deri_g)
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(grad_loss)

Global Errors

ID Full Error Description Severity Type of Error

S01  vec convention not stated; column-major vs. row-major Minor Ambiguity
affects the correctness of exact formulas.

S02  “Strong monotonicity” is used ambiguously for both PSD  Minor Ambiguity
and operator norm interpretations.

[1] https://github.com/NNHieu/math_auditing_examples



Implementation and Experimental Results

Local Errors

Definition 4.1 (Monotone DEQ). The monDEQ con-
siders a weight-tied, input-injected network with itera-
tions of the form,

A = o (Wz[k] + Ux)

where x € R? is the input, U € R™*? is the
input-injection weights, W € R™*" is the hidden-
unit weights, z*) is the hidden unit activation and
o : R — R an elementwise non-linearity which is
ReLU function in our case. The output of implicit lay-
ers is define as the fixed point z* of the above update
function
z* =0 (Wz* +Ux)

To ensure the strong monotonicity condition, that
I — W > ml, the monDEQ parameterizes W as
W = (1-m)I—AT A+ B—BT, where A, B € R™*".
The output of the network is define as the linear trans-
formation of the fixed point: f(#,x) = u'z*, where
0 = (u, A, B, U) are trainable parameters.

Proposition 4.2. Let I — W be m-strongly monotone
with Lipschitz constant L = ||I — W ||5. Then

L|T,] £ V1 —2am+ o2L2.

This implies that for o € (0, 2%),

LT, <1

Thus, the operator Ty, is contractive for any a €
(0, 2], and this iteration is guaranteed to converge as
long as the operator I — W is Lipschitz and strongly
monotone with parameter L.

e 23 of the 25 detected errors were confirmed

e  The LLM-as-a-judge baseline found only 5 errors

[1] https://github.com/NNHieu/math_auditing_examples

- W) < Ll

Lemma 4.3. s

Proof. Let Il = [J + pu(I — J)]~! with p > 0. Since
Jii < 1Vi € [n], we have IT € D*.

. Let G = {[I+pWT(I-J)|TI—1I} and
F¥)=(I-WT)v —u
The resolvent operator for G is Rg = (I + 7QG)
with v = 1 then Rg = II"! [T + uW T (I — J)]
The update of forward-backward splitting is

=
!
vkl =R (V* — aF(¥))

=0 [T +puWT(I-J)]
{[I-a(I- WT)] VR ou}

1

From the proposition 42, we
have L{[I - o(I-WT)]] <
V1—2am+o2L[I —WT]2.  Take the limit
u— 0%, we have ||II|| < 1and |Rg| < 1.

Same argument from lemma ??, we have ||v*|| < JL:—”
Further,

v =Tv* = {[I-o(I - WT)] V' +au}

when z — 0). So ||v*|| < [[v*] = 1L, O

m




Conclusion

In this work, we
1.  Highlight the critical need for automated auditing of informal mathematical
proofs, and

2. Introduce an agent-based assistant to address this challenge.

Current limitations include:
1. A very small evaluation sample size,
2. Limited evaluation metrics, and

3. Lack of strong baselines and ablation studies.

[1] https://github.com/NNHieu/math_auditing_examples
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